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Transparent glass ceramic materials, with microstructures comprised of dispersed nanocrystallites
in a residual glass matrix, offer the prospect of nonlinear optical properties. However, good trans-
parency requires low optical scattering and low atomic absorption. The attenuation of light due
to scattering (turbidity) will depend upon the difference in refractive index of the two phases and
the size and distribution of crystals in the glass. Here, we model the glass ceramic as a late-stage
phase-separated structure, and compute scattering in this model. We find that the turbidity follows
a k8R7 relationship, where k is the wavevector of light in the glass ceramic and R is the average
radius of the crystals in the glass.
Glass ceramics are glasses containing nanometer to mi-
cron sized crystals embedded in a glass matrix. Glass
ceramics are easier to manufacture into complex shapes
than traditional ceramics, utilizing standard techniques
developed for the glass industry [1]. In addition, the em-
bedded crystalline phase can enhance existing, or offer
entirely new, properties from that of the parent glass. Re-
cently, much attention has been paid to optically trans-
parent glass ceramics [2, 3, 4], which have greater ther-
mal stability than their parent glasses. Transparent
oxyflouride glass ceramics, for example, can be doped
with optically active rare-earth cations, offering the pos-
sibility of numerous applications in nonlinear optics [3].
However, the understanding of the transparency of these
nanophase glass ceramics is still relatively poor. Trans-
parency has been found to occur in glasses with large
volume fractions of crystals (∼ 30-35 %) and nanoscale
crystal sizes (1-15 nm). Application of the Mie theory of
scattering to such a material, leads to an over-estimate
of the attenuation due to scattering (turbidity) by many
orders of magnitude[2].
A more sophisticated approach is to use Rayleigh-
Debye theory, which allows for the possibility of coher-
ence and interference between scatterers. To describe the
scattering, this theory requires a structure factor which
depends on the distribution of scatterers in the medium.
For example, Hopper [5] has developed an approximate
structure factor for glasses which have undergone late-
stage microstructural phase separation via spinodal de-
composition. Hopper’s structure factor has been used
to describe the scattering in transparent glass ceramics
[3, 4] and gives a turbidity of
τ ≃ 6.3× 10−4(
∆n
n¯
)2k4L3 (1)
where k is the wavevector of the incident light propagat-
ing in a medium with refractive index n¯, ∆n is the dif-
ference in refractive index between the glass and crystal
phases, and L is the mean distance between phases. This
model improves on Mie theory, predicting turbidities that
are somewhat closer to those measured for transparent
glass ceramics.
Subsequent to Hopper’s work, there has been a con-
siderable improvement in the understanding of late-stage
structure factors in phase-separated media [6, 7, 8, 9]. In
particular, the small wave-number limit of the late-stage
structure factor is now well characterized. We will apply
this small wave-number structure factor to determine the
attenuation due scattering in glass ceramics to improve
on equation (1).
We consider the propagation of light in a medium with
spatially varying dielectric constant ǫ(r). We define η(r)
to be the fractional variation of the dielectric constant:
ǫ(r) = ǫ¯ (1 + η(r)) (2)
where ǫ¯ = 〈ǫ〉 is the average dielectric constant in the
medium and 〈η〉 = 0. We also define the two-point cor-
relation function for the fractional variation in dielectric
constant as follows:
φ(r) = 〈η(r + r′)η(r′)〉. (3)
The structure factor, S(k), is just the Fourier transform
of φ(r).
The Rayleigh-Debye approximation is valid in the scat-
tering regime kL∆ǫ ≪ 1, where ∆ǫ is the difference in
dielectric constant between scatterer and backgroundme-
dia [10]. For optical wavelengths, with phase sizes of sev-
eral tens of nanometers and ∆ǫ ∼ 0.3, this quantity is
typically less than 0.1. This approximation also neglects
multiple scattering, which may become significant if the
depth of the media becomes comparable to the inverse
turbidity.
In this approximation, the intensity of scattered light
at an angle θ to unpolarized incident light, and the con-
sequent turbidity, are given by:
I(θ)
I0
=
k4
32π2r2
V
(
1 + cos2 θ
)
S(2k sin θ/2), (4)
τ =
k4
16π
∫ pi
0
dθ sin θ
(
1 + cos2 θ
)
S(2k sin θ/2),(5)
where I0 is the intensity of the incident light, V is the
volume of the scattering media and r is the distance from
this media.
2To develop a structure factor for the variation in dielec-
tric constant in glass ceramics, we will assume that the
material is a binary mixture which has undergone late-
stage phase separation. Thus, the local composition can
be specified by a single parameter Φ = ϕA − ϕB, where
ϕA(B) is the molar fraction of phase A (B). We also as-
sume that the dielectric constant of the glass at any point
is linearly related to the composition, ǫ = ǫAϕA + ǫBϕB.
The fractional deviation η of the dielectric constant is
then given by
η(r) =
∆ǫ
2ǫ¯
(Φ(r)− 〈Φ〉) (6)
where 〈Φ〉 is the average value of Φ. Thus, the two-point
correlation function (3), and hence the structure factor,
is determined by the local composition, and will evolve
as the composition evolves.
The dynamics of such a system undergoing phase sep-
aration can be described by the Cahn-Hilliard equation
[11]:
∂Φ
∂t
=∇ · (D ∇µ(Φ)) , (7)
where µ(Φ) is a generalized chemical potential for the
two-phase system and D is a diffusion coefficient. Some
glass ceramics do phase separate via a spinodal mecha-
nism (e.g. transparent mullite glass ceramics) while oth-
ers nucleate homogeneously (e.g. transparent oxyflouride
glass ceramics) [2]. While equation (7) cannot immedi-
ately be applied to nucleation[6], at sufficiently late times
the structure of the phase separated material will be in-
dependent of the initial separation mechanism[8]. Hence,
the late-stage structure of systems that have phase sep-
arated via nucleation can be approximated by solutions
of equation (7).
Figure 1 shows a numerical solution of equation (7) in
one spatial dimension for spinodal decomposition. The
early-stage spinodal instability produces a separation of
phases from an initially homogeneous mixture. Late-
stage coarsening leads to an increase in the size of the
separated regions, as regions grow, evaporate and coa-
lesce. This late-stage coarsening process, often called
Ostwald ripening [12], occurs at late times in systems
undergoing phase separation via both spinodal and nu-
cleation mechanisms [13, 14].
The structure factor for a system undergoing late-stage
coarsening via equation (7), can be approximated in the
small kR limit by:
S(k) ≃ ϕ(1− ϕ)Rd (kR)
4
(
∆ǫ
2ǫ¯
)2
(8)
where R is the average crystal radius, d is the number
of spatial dimensions and ϕ the crystal volume fraction
[6, 7, 8, 9]. This form of the structure factor has been ob-
served in late-stage phase separated systems in computer
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FIG. 1: The results of a 1D numerical simulation, using
equation (7), of a system undergoing spinodal decomposition
at early (t = 0, 2, 5) and late times (t = 400). At t=400,
late-stage coarsening is evident.
simulations [9] and experiment [15]. Indeed, figure 2
shows the late-stage structure factor for a 1D numeri-
cal simulation, where the (kR)4 dependence is evident
for kR < 1.
Assuming that (8) holds, we can now give the scattered
intensity and turbidity for a glass ceramic, with mean
crystalline volume fraction ϕ, that has undergone late-
stage coarsening:
I(θ)
I0
≃
V k8R7
2π2r2
ϕ(1− ϕ)
(
1 + cos2 θ
)
sin4 θ/2
(
∆n
n¯
)2
(9)
τ ≃
14
15π
ϕ(1 − ϕ)k8R7
(
∆n
n¯
)2
(10)
where we have assumed ∆ǫ≪ ǫ¯. In figure 3, contours of
turbidity for (10) are shown as a function of crystal vol-
ume fraction and radius. In addition, figure 4 compares
the turbidity predicted by Mie theory, equation (1) and
equation (10), for a fixed volume fraction (ϕ = 0.3). The
strongR7 dependence means that transparency is rapidly
lost as R approaches 20− 30 nm. The L3 dependence of
Hopper’s equation for turbidity (1) does not predict such
a rapid transition.
Mie theory is expected to be valid only if there are
no spatial correlations in composition on a length-scale
comparable to the wavelength of the incident light i.e. for
early stage growth in the dilute limit (L≫ R). Equation
(10) does not reduce to Mie theory in the dilute limit,
as (10) assumes the presence of late-stage spatial corre-
lations in composition. However, a theory of scattering
that treats late-stage and early-stage structures via (7)
3kR
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FIG. 2: This figure shows the late-stage, small kR struc-
ture factor for a single 1D numerical simulation of a system
undergoing spinodal decomposition. The solid line shows the
(kR)4 power-law dependence for kR < 1, as given by (8) with
(∆ǫ/2ǫ¯) = 1 and ϕ = 0.2. The noise is due to the random
initial conditions, and finite spatial extent of the simulation.
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FIG. 3: Contours of the turbidity given by equation (10) are
shown as the crystal radius and crystal volume fraction are
varied (with ∆n = 0.1, n¯ = 1.7 and λ0 = 647 nm).
will be sought in future work.
Finally, we make comparison with turbidity data given
by Tick, Borrelli, Cornelius and Newhouse [3]. They re-
port on transparent oxyflouride glass ceramics with crys-
tal radii R ∼ 15 nm, crystal volume fractions φ = 0.3
and turbidities due to scattering of 2 × 10−2 m−1 for a
wavelength of λ0 = 647 nm (in vacuum). Assuming a
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FIG. 4: The turbidities given by equation (10) (solid), equa-
tion (1) (dashed) and by Mie theory (dash-dot) are compared
as the crystal radius is varied (with ϕ = 0.3, ∆n = 0.1,
n¯ = 1.7 and λ0 = 647 nm).
mean refractive index n¯ = 1.7 and a refractive index dif-
ference ∆n = 0.1, Mie theory predicts a turbidity of 200
m−1, equation (1) predicts a turbidity of 7 m−1 (using
L ≃ 2.6R), whereas equation (10) predicts a turbidity
of 0.2 m−1. Thus equation (10) represents a substantial
improvement over (1) and Mie theory when applied to
transparent glass ceramics.
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